We calculate the two-pion wave function in the ground state of the I 2 S-wave system and find the interaction range between two pions, which allows us to examine the validity of the necessary condition for the finite-volume method for the scattering length proposed by Lüscher. We work in the quenched approximation employing a renormalization group improved gauge action for gluons and an improved Wilson action for quarks at 1=a 1:20712 GeV on 16 3 80, 20 3 80, and 24 3 80 lattices. We conclude that the necessary condition is satisfied within the statistical errors for the lattice sizes L 24 (3.92 fm) when the quark mass is in the range that corresponds to m 2 0:273-0:736 GeV 2 . We obtain the scattering length with a smaller statistical error from the wave function than from the two-pion time correlator.
I. INTRODUCTION
Calculations of the scattering length and the phase shift represent an important step for expanding our understanding of the strong interaction based on lattice QCD to dynamical aspects of hadrons. For the simplest case of the two-pion system in the I 2 S-wave system, the scattering length has been calculated in Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] and the pioneering study of the phase shift was made by Fiebig et al. [10] using the two-pion effective potential. We presented a direct calculation of the phase shift without recourse to the effective potential in quenched [11] and full QCD [12] . Kim reported on preliminary results of the phase shift on G-and H-periodic boundary lattices [13] .
The calculation of the scattering length and the phase shift usually employs the finite-volume method of Lüscher, in which the scattering phase shift is related to the energy eigenvalue on a finite volume [14 -17] . In previous application of the formula, the energy eigenvalues were calculated from the asymptotic time behavior of the two-pion time correlator.
The derivation of Lüscher's formula assumes the condition R < L=2 for the two-pion interaction range R and the lattice size L, so that the boundary condition does not distort the shape of the two-pion interaction. In the studies to date, however, calculations were carried out without verifying this necessary condition but simply employing a few lattices having different sizes and extrapolating to the infinite volume limit assuming simple functions, such as an inverse power of the lattice extent, for finite-volume corrections. In the absence of theoretical justification, however, such assumptions would cause ambiguities, and it is important to examine the validity of the condition in lattice simulations for reliable results.
In this work, we restrict ourselves to the ground state of the I 2 S-wave two-pion system and calculate the twopion wave function. We investigate the two-pion interaction range and the validity of the necessary condition for Lüscher's formula. We attempt to extract the scattering length directly from the wave function and compare it with the more conventional result from the two-pion time correlator.
We refer to the work for two-dimensional statistical models in Ref. [18] . For the two-pion system of QCD, a similar idea was discussed in Ref. [19] . We also quote Yamazaki, who presented preliminary results for the wave function for the four-dimensional Ising model and the scattering phase shift therefrom [20] . This paper is organized as follows. In Sec. II we give a brief review of the derivation of Lüscher's formula [17] with emphasis on the role of the condition R < L=2. The calculational method of the wave function and the simulation parameters are given in Sec. III. In Sec. IVA we present the wave function and estimate the two-pion interaction range for a 24 3 lattice. In Sec. IV B we calculate the scattering length from the wave function and compare it with that from the two-pion time correlator. Our investigations on 20 3 and 16 3 lattices are given in Sec. IV C, where finite-volume effects on the scattering length are examined by comparing three lattice volumes. Our conclusions are given in Sec. V. Preliminary reports of the present work were presented in Ref. [21] .
II. LÜ SCHER'S FORMULA
We briefly review the derivation of Lüscher's formula, with emphasis on the role of the condition for the two-pion interaction range. The formula [14, 15] was rederived using an effective Schrödinger equation for the two-dimensional scalar filed theory in Ref. [16] and for the four-dimensional case in Ref. [17] which is discussed here. Another approach based on the Bethe-Salpeter wave function in quantum field theory [19] is discussed in Appendix A.
The static two-pion wave function x; k with the energy eigenvalue E 2 k 2 m 2 p in the center of mass system on a finite periodic box of volume L 3 satisfies the effective Schrödinger equation [14, 16] :
wherex andỹ are the relative coordinate of the two pions. U k x;ỹ is the Fourier transform of the modified BetheSalpeter kernel for the two-pion interaction on the finite volume [14] and is related to the off-shell two-pion scattering amplitude (see Appendix A). It is generally nonlocal and depends on the two-pion energy. It should be noticed that k 2 in (1) is not a square of a 3-dimensional momentum vector but defined from the energy by k 2 E 2 =4 ÿ m 2 . It may take a negative value in some cases. We call k ''momentum'' for simplicity in this paper, however.
In the derivation of Lüscher's formula, it is assumed that the two-pion interaction range is smaller than one-half the lattice extent; i.e., there exists the distance R < L=2, where the wave function satisfies the Helmholtz equation:
with
Next we consider solutions of (2). In general, k 2 L 2 =2 2 can be integer or noninteger. The former case is called ''singular-value solutions'' in Ref. [17] (see also [19] ). The appearance of these solutions is not generic. It occurs only for some specific lattice volumes or particular cases of the two-pion interaction. For the two-pion ground state there is an important singular-value solution that has k 2 0, which, however, exists only on specific lattice volumes or for the vanishing scattering length. If this solution appears in numerical simulations, the twopion time correlator should behave as h0jtt00j0i h0jt0j0i 2 const:;
for a large t. However, such a time behavior has not been observed in previous studies or in our numerical simulations. Thus, such a case hardly occurs for the ground state. The formula for the singular-value solutions was derived in Ref. [17] , but we consider only noninteger value solutions in this paper. General solutions of the Helmholtz equation (2) can be written by
with v lm k. G lm x; k is given from the periodic Green function:
as
where Y lm x is a polynomial related to the spherical harmonics through Y lm x x l Y lm x with x the spherical coordinate forx and x jxj. The convention of Y lm is that of Ref. [22] , as is adopted in Ref. [17] . It then follows that G 00 x; k Gx; k.
In general, we can expand the solution of the Helmholtz equation in terms of the spherical Bessel j l kx and Neumann functions n l kx for R < x < L=2 as
where the conventions of j l x and n l x agree with those in Refs. [17, 22] . The expansion coefficients l k and l k yield the scattering phase shift in the infinite volume as tan l k l k= l k. In particular, for the ground state the momentum k 2 is very small and the S-wave scattering length a 0 is given by tan 0 k 0 k= 0 k a 0 k Ok 3 . For the wave function (5), l k and l k are geometrically related, because they can be expressed in terms of the expansion coefficients for G lm x; k. The expansion of Gx; k is given by
where
with spherical coordinate p forp. [The function g lm k differs from g lm in (3.31) of Ref. [17] only by the normalization as g lm k 1= 4 p g lm .] The explicit expansion for G lm x; k with general l and m is not needed. Note that the indices l and m are not labels of the angular momentum, nor is G lm x; k the eigenstate of the angular momentum labeled by l and m. Actually, it includes Y l 0 m 0 x with l 0 Þ l and m 0 Þ m. Also note that G lm x; k contains j l 0 kx for a range of l 0 and n l 0 kx with only l 0 l. These are easily known from (7) and (9) .
In this work, we consider only wave functions in the A 1 representation of the cubic group, which equals S wave up to angular momenta l 4. The wave function forx 2 V R can be expressed as
where a vector operation R represents an element of the cubic group which has 48 elements. The terms with l 6 are neglected, and the l 4 terms with m Þ 0 do not appear since they either vanish (for jmj Þ 4) or reduce to G 40 x; k (for jmj 4). If the scattering phase shift l k with l 4 is negligible in the energy range under consideration, l k 0 for l 4 in (8). This means that v 40 k 0 in (11), and thus
because G lm x; k contains n l kx. This expectation is supported for the ground state by our numerical simulations. Finally, we obtain Lüscher's formula between the S-wave scattering phase shift and the allowed value of k 2 by comparing the coefficients of j 0 kx and n 0 kx in (9),
where the region ÿ is defined by (10) , and (12) is assumed. We remark that contaminations from inelastic scattering are likely negligible for the ground state, although they may become significant for momentum excitation states, whose energies are close to or above the threshold of inelastic scattering, E 4m .
III. METHOD OF CALCULATIONS

A. Calculation of the wave function
Our definition of the two-pion wave function is x; k h0jx; tj
; ki e 2E k t ; (14) where j ; ki is the ground state with energy
. A factor exp2E k t is introduced to compensate the t dependence. The operator x; t is an interpolating field for the two-pion, which is defined by
where x; t ux; t 5 dx; t is an interpolating operator for at x; t and a vector operation R represents an element of the cubic group which has 48 elements. The summation over R andX projects out the A 1 sector of the cubic group and the zero total momentum state. The wave function in (14) is the Bethe-Salpeter wave function projected to the A 1 sector. It has the same properties as those of the wave function in Sec. II and we can derive Lüscher's formula from it. Details are discussed in Appendix A. The wave functions at all positionsx are not independent. The number of independent position vectors is NN 1N 2=6, with N L=2 1 owing to the periodic boundary condition x; k x ñL; k, withñ 2 Z 3 and the invariance under the cubic group x; k Rx; k.
In order to calculate the wave function we construct the correlator: F x; t; t 0 ; t 0 1 h0jx; tWt 0 Wt 0 1j0i; (16) where Wt is a wall source at time t defined by
which is used on configurations fixed to the Coulomb gauge. The two wall sources are placed at different time slices t 0 and t 0 1 to avoid contaminations from Fierzrearranged terms [3] . Neglecting contributions from the momentum excitation states in the large t region, we obtain the wave function at the time slice t as
up to the overall constant, wherex 0 is the reference position. We try to extract the energy eigenvalue of the two-pion and the scattering length from the wave function x; k, but, for comparison, we also estimate them from the twopion time correlator:
The single pion time correlator computed with the aid of the wall source,
is used to construct the normalized two-pion correlator:
In the absence of the singular-value solution that belongs to k 2 0, this behaves for a large t as
Rt C e ÿWtÿt 0 ;
where C is a constant and
is the energy shift due to the two-pion interaction on the finite volume. The momentum k 2 is calculated from W, and it can be used to estimate the scattering length via Lüscher's formula.
B. Simulation parameters
Our simulation is carried out in quenched lattice QCD employing a renormalization group improved gauge action for gluons,
The coefficient C x by the normalization condition, which defines the bare coupling 6=g 2 . Our calculation is carried out at 2:334. Gluon configurations are generated with the 5-hit heat-bath algorithm and the over-relaxation algorithm mixed in the ratio of 1:4. The combination is called a sweep and physical quantities are measured every 200 sweeps.
We use an improved Wilson action for the quarks [24] with the clover coefficient C SW being the mean-field improved choice defined by
where W
11
is the value in one-loop perturbation theory [23] . Quark propagators are solved with the Dirichlet boundary condition imposed in the time direction for gauge configurations fixed to the Coulomb gauge. The wall source defined by (17) is set at t 0 12, which is sufficient to avoid effects from the temporal boundary.
The lattice cutoff was estimated as 1=a 1:20712 GeV [a 0:163216 fm] from m [25] . The lattice sizes (the numbers of configurations in parentheses) 
IV. RESULTS
A. Wave functions
The two-pion wave function calculated on the 24 3 lattice is exemplified in Fig. 1 
The same wave function is shown in Fig. 2 as a function of x jxj for independent data points. The branching of 
Thus, fx satisfies the boundary condition only when dfx=dx 0 at the boundary where at least one component of the vectorx takes L=2. This also means dfx=dx 0 for x L=2 from symmetry under the cubic group. The wave function for the scattering system generally does not satisfy this. Hence, it cannot be a pure S-wave function but receives contributions from the states with angular momenta l > 0. We expect that the wave function that belongs to the A
We now consider the two-pion interaction from the ratio:
Here we adopt the naive numerical Laplacian on the lattice,
since k 2 is very small and the choice of the numerical Laplacian is not important for a large x. Away from the two-pion interaction range, i.e., x > R, we expect that Vx; k is independent ofx and equals to ÿk 2 . In Fig. 3 Vx; k is plotted for the same parameters as for Fig. 1 . The statistical errors are again negligible. We find a very clear signal and Vx; k seems to be constant for x > 8. We observe a strong repulsive interaction at the origin consistent with the negative scattering length of the I 2 twopion system.
The time dependence is shown in Fig. 4 for the same parameters, where the abscissa is x jxj and only independent data are plotted. We draw a line of ÿk 2 estimated from W of (22) using the normalized two-pion time correlator Rt. We see that Vx; k approaches a value consistent with ÿk 2 for a large x. Vx; k depends only on x and does not depend on t insofar as t 44. We also confirm that the wave function x; k does not vary when t is varied for t 44.
We now consider the two-pion interaction range R. In quantum field theory the wave function does not strictly satisfy the Helmholtz equation (2) even for the large x region in a large volume lattice. Hence, with k 2 obtained from the asymptotic time behavior of the two-pion time correlator, Vx; k k 2 shows a small tail at a large x.
We may take the wave function as satisfying the Helmholtz equation, if Vx; k k 2 is sufficiently small compared with k 2 . In the present work, we take an operational definition for the range R as the scale, where
gets small enough so that it is buried into the statistical error, with the expectation that the systematic error for the scattering length from the interaction of tails of the wave function becomes smaller than statistical errors in the resulting scattering length with this definition. 1 The function Ux; k is displayed in Fig. 5 at t 52, together with Vx; k defined by (27) , for which the line of ÿk 2 estimated from the two-pion time correlator is also drawn. These figures show that Vx; k ÿk 2 and Ux; k 0 for x > R within the statistical error for all quark masses. We find R 10 (1:6 fm) for the heaviest
FIG. 5. Vx; k in units of 1=a
2 (left side) and Ux; k (right side) on 24 3 lattice at t 52 for several quark masses. Horizontal axis is x jxj. We plot a line at ÿk 2 obtained from the two-pion time correlator in the left side of the figures. 1 The radius R thus defined has no direct relevance to the physical scale such as an effective range r 0 defined by k= tan 0 k 1=a 0 r 0 k 2 =2 Ok 4 . It becomes larger as the statistical accuracy of k 2 and x; k increases. We needed this somewhat artificial criterion to define R, unless otherwise we must appeal to some effective models. We also note that the rigorous estimation of the effects of the tail on the scattering length is not possible, unless U k x;ỹ for allx andỹ or the twopion scattering amplitude off the mass shell for all energies is known. quark mass, m 2 0:736 GeV 2 . This stands for the largest R we obtained. This result signifies that the necessary condition for Lüscher's formula (2) is satisfied on the 24 3 lattice for all our quark masses m 2 0:273-0:736 GeV 2 with the current statistics of simulations.
B. Scattering lengths
We may estimate the scattering length from the wave function with two alternative methods:
(1) We extract k 2 by fitting the asymptotic value of Vx; k to a constant and obtain the scattering length by substituting k 2 into (13). The resulting k 2 and the scattering length are given in Table I in the column labeled with ''from V.'' We choose t 52 and the fitting range x m x 3 p L=2 (maximum value of x for L 3 lattice). The energy shift W is calculated from k 2 using (23). (2) k 2 is obtained by fitting the wave function x; k with periodic Green function Gx; k defined by (6), taking k 2 and an overall constant as free parameters. An example of fitting is illustrated in Fig. 2 at t 52 for m 2 0:273 GeV 2 , where the values from fits are shown with cross symbols. The fitting range is the same as that for method 1. The method for numerical evaluation of Gx; k is discussed in Appendix B. The fit works well, meaning that the contributions of G lm x; k and l k with l 4 are negligible as expected. This point is confirmed by fitting with the function including G 40 x; k. The results are given in Table I (labeled ''from ''). We compare the scattering lengths obtained from the wave function with those from the conventional method of using the two-pion time correlator. We plot the normalized two-pion correlator Rt of (21) in Fig. 6 , which shows a clear signal that decreases exponentially in t. This means the absence of the singular-value solution for this volume, or otherwise Rt should approach some constant. The effective masses for Rt presented in Fig. 7 show the plateau over t 22-70. Rows indicated with the label ''from T'' in Table I present the values of W obtained by a single exponential fitting for t 24-68, k 2 estimated from W, and the scattering length from Lüscher's formula (13), using k 2 thus estimated and g 00 k calculated by the numerical method discussed in Ref. [11] . We compare the scattering length obtained from three methods in Fig. 8 errors. We observe that the statistical errors for those from our new methods (from V and from ) are significantly smaller than those from the two-pion time correlator (from T). This feature was experienced in the two-dimensional statistical models [18] . Our analysis so far is made at t 52, but we checked that the results are independent of the choice of t insofar as t 48. When one wants to obtain scattering lengths for the physical pion mass, there is yet an important problem of the chiral extrapolation. In Fig. 8 we carry out the chiral extrapolation of a 0 =m using the data from method 1 (i.e., from V) by assuming three fitting forms:
The form of F 2 m 2 is motivated from chiral symmetry breaking of the Wilson fermion and quenching effects, as suggested from quenched chiral perturbation theory [26, 27] . F 3 m 2 is the form predicted by chiral perturbation theory (CHPT) for full QCD in the one-loop order. F 1 m 2 is a simple polynomial. We see that the three functions fit the data equally well and we cannot distinguish among them. The chiral limit of a 0 =m A j , however, depends sizably on the choice of the fitting forms:
We cannot reduce these large systematic errors arising from the choice of fitting forms, unless simulations are made close to the physical pion mass or the fitting form is theoretically constrained. We add that the prediction from CHPT is a 0 =m ÿ2:26551 1=GeV 2 [28] .
C. Results on small lattices
We carry out the same analysis for 20 3 and 16 3 lattices to study the dependence on the finite lattice size, with the numerical results presented in Tables II and III. Our analysis on the 24 3 lattice shows that the two-pion interaction range is at most R 10 (1:6 fm), which happens for the heaviest quark mass, m 2 0:736 GeV 2 , so that Lüscher's formula (13) lattice for all our quark masses with the present statistical accuracy. This appears to indicate that 20 3 is needed and 16 3 may be too small. This is not necessarily true, however, since R depends on the quark mass and the momentum k 2 which strongly depends on the lattice volume, as is seen by comparing the relevant entries in the three tables.
To investigate the lattice size dependence of the interaction range, we plot Vx; k and Ux; k for the 20 3 lattice in Fig. 9 and for the 16 3 lattice in Fig. 10 , both at t 52. We cannot clearly observe a region x < L=2 where Ux; k 0 for heavier quarks, while such a region within statistics is visible for lighter quarks. The scattering lengths are calculated for the latter cases, i.e., at the two lighter quark masses m lattice, and only at the lightest quark mass m 2 0:273 GeV 2 on the 16 3 lattice. Our compilation of the scattering lengths, i.e., those obtained on the three lattice volumes for five quark masses with three different methods, is depicted in Fig. 11 . Data points encircled by dotted lines are those from the two-pion time correlator for the case for which we cannot clearly find a region x < L=2 where the two-pion interaction vanishes. We do not find a significant volume dependence, however, for all quark masses including the case where the necessary condition for Lüscher's formula is not satisfied. The effects of deformation of the two-pion interaction due to finite-volume effects on W of the two-pion system are apparently small compared with the statistical error. We emphasize, however, that the reliability of these data is guaranteed only after we obtain the results on the 24 3 lattice where the necessary condition for Lüscher's formula is satisfied.
V. CONCLUSIONS
We have shown in this work that calculation of the twopion wave function for the ground state of the I 2 S-wave two-pion system is feasible. We have investigated the validity of the necessary condition for Lüscher's formula and have found that it is satisfied for L 24 (3:92 fm) for m 2 0:273-0:736 GeV 2 . We have demonstrated that the scattering length can be extracted from the wave function with smaller statistical errors than from the two-pion time correlator, which has been used in the studies to date.
We have observed no significant volume dependence for the scattering lengths obtained from the two-pion time correlator, at least for L 16 (2:61 fm), in spite of the fact that the necessary condition for the formula is not satisfied in some cases for L 16 and 20. The effects of deformation of the two-pion interaction due to finite size effects on the energy eigenvalues of the two-pion are likely small compared with the statistical error.
The present work opens the possibility to reduce statistical errors in the scattering phase shift with modest statistics. In this case, however, we have to be concerned with the contamination from inelastic scattering. This effect is probably negligible for the ground state of the two-pion as in this work, but it may be important for the momentum excitation states, whose energies are close to the inelastic threshold. One may investigate effects of inelastic scattering by evaluating Ix in (A2) in Appendix A from calculations of x; k and hpjÿx=2j; ki. This would also clarify the error associated with our neglect of the inelastic channel, but the work is deferred to the future.
Another implication of the present work is the feasibility to calculate the decay width of the meson through studies of the I 1 two-pion system. While the evaluation of the disconnected diagrams with a good precision has been a computational problem, our new method, investigating the scattering system from the wave function of multihadron states in which the energy eigenvalue is extracted from the wave function at a single time slice, could lend tactics that can be used to evaluate such complicated diagrams with a modest cost. 
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APPENDIX A: LÜ SCHER'S FORMULA FROM BETHE-SALPETER WAVE FUNCTION
We discuss the derivation of Lüscher's formula (13) from Bethe-Salpeter (BS) wave function in quantum field theory [19] . All considerations are made in Minkowski space, but these are not changed even in Euclidian space.
We consider the BS function in the infinite volume defined by 1 x;k h0j 1 x=2 2 ÿx=2j 1 k; 2 ÿk; ini; . Ix is contribution of inelastic scattering from the states with more than one pion, whose contributions are expected to be small for the energy 2E k 4m . This energy condition is satisfied for our FIG. 11 . Volume dependence of pion scattering length a 0 =m 1=GeV 2 for five quark masses obtained from the time correlator (from T) and the wave function (from V and from ).
